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1. Introduction and statement of result
The following is the q-beta integral [3]:
∞∫
−∞
(aω,bω;q)∞
(−dω, eω;q)∞ dqω =
2(1− q)(q2;q2)2∞(de,q/de,a/e,−a/d,b/e,−b/d;q)∞
(q;q)∞(d2, e2,q2/d2,q2/e2;q2)∞(−ab/deq;q)∞ , (1.1)
provided that |q| < 1, |ab/deq| < 1 and there are no zero factors in the denominator of the integrals.
The q-beta integrals are very important in the theory and application of basic hypergeometric series. For example, the
present author gives some applications of the Andrews–Askey integral in [12–15]. In this paper, we give an interesting
extension of the q-beta integral (1.1). With this extension, some new identities in basic hypergeometric series can be easily
derived, which include to get an extension of the Kalnins and Miller transformations and an extension of the q-Pfaff–
Saalschütz formula. The main result is the following theorem:
Theorem 1.1. If |q| < 1, |ab/deq| < 1 and there are no zero factors in the denominator of the integrals, then for any nonnegative
integers m and n, we have
∞∫
−∞
(aω,bω;q)∞(sω;q)n(tω;q)m
(−dω, eω;q)∞ dqω
= 2(1− q)qm2+mn+n2 t
msn(q2;q2)2∞(de,q/de,a/eqm+n,−a/dqm+n,b/e,−b/d;q)∞
am+n(q;q)∞(d2, e2,q2/d2,q2/e2;q2)∞(−ab/deqm+n+1;q)∞
×
n∑
k=0
(q−n,a/sqn,−ab/deqm+n+1;q)kqk(1−m)
(q,a/eqm+n,−a/dqm+n;q)k 3φ2
(
a/tqm+n−k,−ab/deqm+n+1−k,q−m
a/eqm+n−k,−a/dqm+n−k ;q,q
)
. (1.2)
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2. Notations and known results
We ﬁrst recall some deﬁnitions, notations and known results in [1,5] which will be used for the proof of Theorem 1.1.
Throughout this paper, it is supposed that 0 < |q| < 1. The q-shifted factorials are deﬁned as
(a;q)0 = 1, (a;q)n =
n−1∏
k=0
(
1− aqk), (a;q)∞ =
∞∏
k=0
(
1− aqk). (2.1)
We also adopt the following compact notation for multiple q-shifted factorials:
(a1,a2, . . . ,am;q)n = (a1;q)n(a2;q)n . . . (am;q)n, (2.2)
where n is an integer or ∞.
In 1846, Heine introduced the r+1φr basic hypergeometric series, which is deﬁned by
r+1φr
(
a1,a2, . . . ,ar+1
b1,b2, . . . ,br
;q, x
)
=
∞∑
n=0
(a1,a2, . . . ,ar+1;q)nxn
(q,b1,b2, . . . ,br;q)n . (2.3)
The q-Chu–Vandermonde convolution formula:
2φ1
(
q−n,a
c
;q,q
)
= a
n(c/a;q)n
(c;q)n (2.4)
and, reversing the order of summation,
2φ1
(
q−n,a
c
;q, cqn/a
)
= (c/a;q)n
(c;q)n . (2.5)
The q-Pfaff–Saalschütz formula:
3φ2
(
a,b,q−n
c,abc−1q1−n
;q,q
)
= (c/a, c/b;q)n
(c, c/ab;q)n . (2.6)
F.H. Jackson deﬁned the q-integral by [7]
d∫
0
f (t)dqt = d(1− q)
∞∑
n=0
f
(
dqn
)
qn, (2.7)
and
d∫
c
f (t)dqt =
d∫
0
f (t)dqt −
c∫
0
f (t)dqt. (2.8)
He also deﬁned an integral on (0,∞) by
∞∫
0
f (t)dqt = (1− q)
∞∑
n=−∞
f
(
qn
)
qn. (2.9)
On the interval (−∞,∞) the bilateral q-integral is deﬁned by
∞∫
−∞
f (t)dqt = (1− q)
∞∑
n=−∞
[
f
(
qn
)+ f (−qn)]qn. (2.10)
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In this section, we use the q-beta integral (1.1) and the q-Chu–Vandermonde formula to prove Theorem 1.1.
Proof. Recall the q-Chu–Vandermonde convolution formula
2φ1
(
q−n, c
a
;q,q
)
= c
n(a/c;q)n
(a;q)n . (3.1)
By the following relation
(a;q)k = (a;q)∞
(aqk;q)∞ , (3.2)
(3.1) can be written as
n∑
k=0
(q−n, c;q)kqk
(q;q)k ·
(
aqk;q)∞ = cn · (aqn;q)∞(a/c;q)n. (3.3)
If we let a = aω in (3.3) and multiply Eq. (3.3) by
(bω;q)∞
(−dω, eω;q)∞ ,
then we obtain
n∑
k=0
(q−n, c;q)kqk
(q;q)k ·
(aqkω,bω;q)∞
(−dω, eω;q)∞ = c
n · (aq
nω,bω;q)∞(aω/c;q)n
(−dω, eω;q)∞ . (3.4)
Taking the q-integral on both sides of (3.4) with respect to variable ω, we have
n∑
k=0
(q−n, c;q)kqk
(q;q)k ·
∞∫
−∞
(aqkω,bω;q)∞
(−dω, eω;q)∞ dqω = c
n ·
∞∫
−∞
(aqnω,bω;q)∞(aω/c;q)n
(−dω, eω;q)∞ dqω. (3.5)
Applying the q-beta integral (1.1) to the integral on the left-hand side of (3.5), we have
n∑
k=0
(q−n, c;q)kqk
(q;q)k ·
2(1− q)(q2;q2)2∞(de,q/de,aqk/e,−aqk/d,b/e,−b/d;q)∞
(q;q)∞(d2, e2,q2/d2,q2/e2;q2)∞(−abqk/deq;q)∞
= cn ·
∞∫
−∞
(aqnω,bω;q)∞(aω/c;q)n
(−dω, eω;q)∞ dqω, (3.6)
which can be rewritten as
∞∫
−∞
(aqnω,bω;q)∞(aω/c;q)n
(−dω, eω;q)∞ dqω
= 2(1− q)(q
2;q2)2∞(de,q/de,a/e,−a/d,b/e,−b/d;q)∞
cn(q;q)∞(d2, e2,q2/d2,q2/e2;q2)∞(−ab/deq;q)∞ 3φ2
(
c,−ab/deq,q−n
a/e,−a/d ;q,q
)
. (3.7)
On the other hand, if we multiply Eq. (3.4) by (tω;q)m and take the q-integral on both sides of (3.4) with respect to
variable ω, we obtain
n∑
k=0
(q−n, c;q)kqk
(q;q)k ·
∞∫
−∞
(aqkω,bω;q)∞(tω;q)m
(−dω, eω;q)∞ dqω = c
n ·
∞∫
−∞
(aqnω,bω;q)∞(aω/c;q)n(tω;q)m
(−dω, eω;q)∞ dqω. (3.8)
Using (3.7) with n =m,a = aqk−m, c = aqk−m/t gives
∞∫
−∞
(aqkω,bω;q)∞(tω;q)m
(−dω, eω;q)∞ dqω =
2tm(1− q)(q2;q2)2∞(de,q/de,aqk−m/e,−aqk−m/d,b/e,−b/d;q)∞
amqm(k−m)(q;q)∞(d2, e2,q2/d2,q2/e2;q2)∞(−abqk−m/deq;q)∞
× 3φ2
(
aqk−m/t,−abqk−m/deq,q−m
k−m k−m ;q,q
)
. (3.9)aq /e,−aq /d
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∞∫
−∞
(aqnω,bω;q)∞(aω/c;q)n(tω;q)m
(−dω, eω;q)∞ dqω
= 2t
m(1− q)(q2;q2)2∞(de,q/de,a/eqm,−a/dqm,b/e,−b/d;q)∞
cnamqm(k−m)(q;q)∞(d2, e2,q2/d2,q2/e2;q2)∞(−ab/deqm+1;q)∞
×
n∑
k=0
(q−n, c,−ab/deqm+1;q)k
(q,a/eqm,−a/dqm;q)k 3φ2
(
a/tqm−k,−ab/deqm+1−k,q−m
a/eqm−k,−a/dqm−k ;q,q
)
. (3.10)
First, replacing c by a/s and then a by a/qn in (3.10), respectively, after simple rearrangements, we have (1.2). 
Letting m = 0 in (1.2) gives the following result.
Corollary 3.1. Under the conditions of the theorem, we have
∞∫
−∞
(aω,bω;q)∞(sω;q)n
(−dω, eω;q)∞ dqω =
2snqn
2
(1− q)(q2;q2)2∞(de,q/de,a/eqn,−a/dqn,b/e,−b/d;q)∞
an(q;q)∞(d2, e2,q2/d2,q2/e2;q2)∞(−ab/deqn+1;q)∞
× 3φ2
(
a/sqn,−ab/deqn+1,q−n
a/eqn,−a/dqn ;q,q
)
. (3.11)
4. Some applications
In this section, we show some applications of the extension of the q-beta integral (1.2). We gain an extension of the
Kalnins and Miller transformations, an extension of the q-Pfaff–Saalschütz formula and a new identity for 3φ2.
One of the fundamental transformations in the theory of basic hypergeometric series is the following Sears 4φ3 transfor-
mation formula [10], which is a q-extension of a well-known transformation of Whipple [11]
4φ3
(
q−n,a,b, c
d, e, f
;q,q
)
= (e/a, f /a;q)n
(e, f ;q)n a
n
4φ3
(
q−n,a,d/b,d/c
d,aq1−n/e,aq1−n/ f
;q,q
)
, (4.1)
where def = abcq1−n . It has the equivalent form [9,10],
4φ3
(
q−n,abcdqn−1,beiω,be−iω
ab,bc,bd
;q,q
)
= (ac, cd;q)n
(ab,bd;q)n
(
b
c
)n
4φ3
(
q−n,abcdqn−1, ceiω, ce−iω
ac,bc, cd
;q,q
)
. (4.2)
Ismail [6] used the Askey–Wilson operator to give an interesting proof of this formula. Andrews and Bowman [2] prove this
formula by using the Bailey transformation. Liu proves the formula by using the q-exponential operator method. In [4], Askey
and Wilson show the connection between this formula and orthogonal polynomials. From the Sears 4φ3 transformation
formula, one can get the following Kalnins and Miller’s transformation formula [8]:
3φ2
(
q−n,abcdqn−1,bz
ab,bd
;q,q
)
=
(
b
c
)n
(ac, cd;q)n
(ab,bd;q)n 3φ2
(
q−n,abcdqn−1, cz
ac, cd
;q,q
)
. (4.3)
The Kalnins and Miller transformation formula is also important in q-series. There have been many proofs of the Kalnins
and Miller’s transformation formula. Kalnins and Miller [8] used symmetry techniques and Liu [9] used q-differential op-
erators to prove it. In this section, ﬁrst we will present an extension of the Kalnins and Miller’s transformation formula.
Using (1.2), an extension of Kalnins and Miller’s transformation can easily be derived.
Theorem 4.1 (An extension of the Kalnins and Miller transformations). We have
n∑
k=0
(q−n,bz,abcdqn+m−1;q)kqk(1−m)
(q,ab,bd;q)k 3φ2
(
byqk,abcdqn+m+k−1,q−m
abqk,bdqk
;q,q
)
=
(
b
c
)m+n
(ac, cd;q)m+n
(ab,bd;q)m+n
n∑
k=0
(q−n, cz,abcdqn+m−1;q)kqk(1−m)
(q,ac, cd;q)k 3φ2
(
cyqk,abcdqn+m+k−1,q−m
acqk, cdqk
;q,q
)
. (4.4)
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Proof of Theorem 4.1. The left-hand side of (1.2) is symmetric in a,b, so is right. Interchanging a and b in the right side of
(1.2), we have
n∑
k=0
(q−n,a/sqn,−ab/deqm+n+1;q)kqk(1−m)
(q,a/eqm+n,−a/dqm+n;q)k 3φ2
(
a/tqm+n−k,−ab/deqm+n+1−k,q−m
a/eqm+n−k,−a/dqm+n−k ;q,q
)
=
(
a
b
)m+n
(b/eqm+n,−b/dqm+n;q)m+n
(a/eqm+n,−a/dqm+n;q)m+n
n∑
k=0
(q−n,b/sqn,−ab/deqm+n+1;q)kqk(1−m)
(q,b/eqm+n,−b/dqm+n;q)k
× 3φ2
(
b/tqm+n−k,−ab/deqm+n+1−k,q−m
b/eqm+n−k,−b/dqm+n−k ;q,q
)
. (4.5)
After replacing (1/eqm,a/qn,b/qn,−1/dqm,1/tqm,1/s) by (a,b, c,d, y, z), we get (4.4). 
Then, we give an extensions of the q-Pfaff–Saalschütz formula. The q-Pfaff–Saalschütz formula is a fundamental formula
in q-series. Many people gave different extensions of it. For example, Wang gives an extension of it by using the Andrews–
Askey integral [15]. Here we will present another extension of the q-Pfaff–Saalschütz formula by using (1.2).
Theorem 4.2 (An extension of the q-Pfaff–Saalschütz formula). We have
n∑
k=0
(q−n,aqm,b;q)kqk(1−m)
(q, c,abc−1q1−n;q)k 3φ2
(
qk−n,bqk,q−m
cqk,abc−1q1−n+k
;q,q
)
= (c/a, c/b;q)n
(c, c/ab;q)n . (4.6)
Proof. Letting a = tqm,b = sqn in (1.2) gives
∞∫
−∞
(tqmω, sqnω;q)∞(sω;q)n(tω;q)m
(−dω, eω;q)∞ dqω
= 2(1− q)qn2 t
msn(q2;q2)2∞(de,q/de, t/eqn,−t/dqn, sqn/e,−sqn/d;q)∞
tm+n(q;q)∞(d2, e2,q2/d2,q2/e2;q2)∞(−st/deq;q)∞
×
n∑
k=0
(q−n, t/sqn−m,−st/deq;q)kqk(1−m)
(q, t/eqn,−t/dqn;q)k 3φ2
(
qk−n,−st/deq1−k,q−m
t/eqn−k,−t/dqn−k ;q,q
)
. (4.7)
On the other hand, using the q-beta integral (1.1), we have
∞∫
−∞
(tqmω, sqnω;q)∞(sω;q)n(tω;q)m
(−dω, eω;q)∞ dqω
=
∞∫
−∞
(at,bt;q)∞
(−dt, et;q)∞ dqt =
2(1− q)(q2;q2)2∞(de,q/de, s/e,−s/d, t/e,−t/d;q)∞
(q;q)∞(d2, e2,q2/d2,q2/e2;q2)∞(−st/deq;q)∞ . (4.8)
Combining (4.7) and (4.8) yields
n∑
k=0
(q−n, t/sqn−m,−st/deq;q)kqk(1−m)
(q, t/eqn,−t/dqn;q)k 3φ2
(
qk−n,−st/deq1−k,q−m
t/eqn−k,−t/dqn−k ;q,q
)
=
(
t
sqn
)n
(s/e,−s/d;q)n
(t/eqn,−t/dqn;q)n . (4.9)
After replacing (t/sqn,−st/deq, t/eqn) by (a,b, c) in (4.9), and employing the following formula
(a/b;q)n =
(
−a
b
)n
q(
n
2)
(
b/aqn−1;q)n
we obtain (4.6). 
It is obvious that the case m = 0 of (4.6) results in the q-Pfaff–Saalschütz formula (2.6).
Finally, we use (1.2) to give a new identity for 3φ2.
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n∑
k=0
(q−n,aqm,b;q)kqk(1−m)
(q, c,d;q)k 3φ2
(
aqk−n,bqk,q−m
cqk,dqk
;q,q
)
= 3φ2
(
a,b,q−(m+n)
c,d
;q,q
)
. (4.10)
Proof. Letting t = sqn in (1.2) gives
∞∫
−∞
(aω,bω;q)∞(sω;q)n(sqnω;q)m
(−dω, eω;q)∞ dqω
= 2(1− q)q(m+n)2 s
m+n(q2;q2)2∞(de,q/de,a/eqm+n,−a/dqm+n,b/e,−b/d;q)∞
am+n(q;q)∞(d2, e2,q2/d2,q2/e2;q2)∞(−ab/deqm+n+1;q)∞
×
n∑
k=0
(q−n,a/sqn,−ab/deqm+n+1;q)kqk(1−m)
(q,a/eqm+n,−a/dqm+n;q)k 3φ2
(
a/sqm+2n−k,−ab/deqm+n+1−k,q−m
a/eqm+n−k,−a/dqm+n−k ;q,q
)
. (4.11)
On the other hand, using (3.11), we have
∞∫
−∞
(aω,bω;q)∞(sω;q)n(sqnω;q)m
(−dω, eω;q)∞ dqω
=
∞∫
−∞
(aω,bω;q)∞(sω;q)m+n
(−dω, eω;q)∞ dqω
= 2s
m+nq(m+n)2(1− q)(q2;q2)2∞(de,q/de,a/eqm+n,−a/dqm+n,b/e,−b/d;q)∞
am+n(q;q)∞(d2, e2,q2/d2,q2/e2;q2)∞(−ab/deqm+n+1;q)∞
× 3φ2
(
a/sqm+n,−ab/deqm+n+1,q−(m+n)
a/eqm+n,−a/dqm+n ;q,q
)
. (4.12)
Combining (4.11) and (4.12) yields
n∑
k=0
(q−n,a/sqn,−ab/deqm+n+1;q)kqk(1−m)
(q,a/eqm+n,−a/dqm+n;q)k 3φ2
(
a/sqm+2n−k,−ab/deqm+n+1−k,q−m
a/eqm+n−k,−a/dqm+n−k ;q,q
)
= 3φ2
(
a/sqm+n,−ab/deqm+n+1,q−(m+n)
a/eqm+n,−a/dqm+n ;q,q
)
. (4.13)
After replacing (a/sqm+n,−ab/deqm+n+1,a/eqm+n,−a/dqm+n) by (a,b, c,d) in (4.13), we obtain (4.10). 
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